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Summary  The  conventional  oscillatory  S-curve  causing  ﬂuctuating/negative  tail  end  ordi-
nates of  altered  duration  unit  hydrograph  (UH)  cannot  be  ignored  or  left  unadjusted.  Suggested
nondimensional  UH  approach  executes  oscillations  smoothing  precisely  employs  peak  and  time
to peak  of  desired  altered  duration  UH  for  its  ﬁtting-derived  analytically  using  S-shaped  model
reproducing  smooth  S-curve.  Analytical  S-curve  is  found  to  be  superior  to  the  conventional.
Overall, the  intricacy  linked  with  the  lagging  of  S-curve,  interpolation-if  altered  UH  dura-
tion is  not  a  multiple  of  parent  UH  duration,  cumbersome  and  time  consuming  manual/visual
reshaping S-curve  or  altered  duration  UH  and  also  for  sustaining  UH  volume  to  unity  has  been
obviated.
© 2016  Published  by  Elsevier  GmbH.  This  is  an  open  access  article  under  the  CC  BY-NC-ND  license
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f  an  UH  is  available  for  a  particular  duration  of  effective
ainfall  while  dealing  with  a  different  duration,  a  new  UH
ust  be  derived  with  respect  to  that.  As  an  intermedi-
te,  S-hydrograph  serves  the  purpose.  Shortening  the  UH
uration,  however,  can  cause  troubles  (Sangal,  1986).  The
-hydrograph/S-curve/Summation-curve  is  due  to  continu-
us  rainfall  excess  at  a  uniform  rate  for  an  inﬁnite  period
 This article belongs to the special issue on Engineering and Mate-
ial Sciences.
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nd  is  theoretically  smooth.  The  S-curve  based  altered  UH
erivation  is  much  complex  than  it  appears,  as  steps  are
nterdependent  and  S-curve  bears  the  same  duration  as  of
arent  UH.  Interpolation  of  parent  UH  can  lead  to  undesir-
ble/unjustiﬁable  results.
The  numerical  procedure,  inaccuracies  in  the  parent
H  (i.e.  its  assumed  duration  <  effective-rainfall  duration,
insley  et  al.,  1975),  non-uniform  runoff  generation,  unusual
real  precipitation  or  errors  in  the  basic  data  may  result  in
scillating  rising  and  equilibrium  stages  of  S-curve,  known
s  hunting  of  S-curve.  There  is  uncertainty  that  a  smooth
nite  period  UH  will  deliver  a  smooth  S-curve.  Blank  et  al.
1971)  discussed  such  oscillations  in  UHs.  Therefore,  the  par-
nt  S-curve  is  smoothed  out  graphically  before  taking  the
-curve  differences.  While  the  resulting  altered  duration
H  is  also  adjusted  manually  for  smoothness  and  unit
olume.
rticle under the CC BY-NC-ND license (http://creativecommons.
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tion  successively  till  24  h  (time  base)  (Fig.  1).  The  difference
between  derived  4-h  parent  S-curve  and  its  lagged  versions
at  2-h  and  6-h  yield  the  ordinates  of  2-h  and  6-h  altered  dura-
tion  conventional  UHs  when  divided  by  the  ratio  of  /D  =  2/4
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Analytical inﬂection S-shaped (IS) model
The  IS  software  reliability  growth  model  (Ohba,  1984) used
in  software  testing  (Eq.  (1)),  efﬁciently  reproduces  smooth
D-h  parent  S-curve  or  its  lagged  version  displaced  by  -h
(Eq.  (2))
f(t)  = a
1  +  ce−bt (1  −  e
−bt)  for  t  ≥  0;  a,  b,  c  >  0
when  t =  0,  f(t)  =  0;  and  if  t  =  ∞,  f(t)  =  a  (1)
S(t) = Qeq1  +  ce−bt (1  −  e
−bt)
and  S(t−) = Qeq1  +  ce−b(t−) (1  −  e
−b(t−))
for  t  ≥  0;  Qeq,  b,  c,    >  0  (2)
Equilibrium  discharge/asymptotic  limit  :
a  =  Qeq =  Ad/0.36D  =  2.778  Ad/D  m3/s (3)
where  e  =  2.71828;  b  =  growth  rate  parameter  which  spec-
iﬁes  width/steepness  of  S-curve,  i.e.  as  b↑,  f(t)  →  a  more
rapidly;  c  =  point  of  inﬂection,  if  c  >  0,  f(t)↑  when  b  >  0,  and
f(t)↓  when  b  <  0;    =  location  parameter  that  shifts  curve
in  time  keeping  shape  constant;  A  =  catchment  area  (km2);
d  =  1  cm  depth;  and  D  =  unit  duration  of  the  parent  UH  (h).
Qeq or  volume  of  UH  =  sum  of  all  UH  ordinates  (
∑
Qi) at  a
time  step  t  =  D-h,  if  t  /=  D-h  then  Qeq =
∑
Qi ×  (t/D).
The  1st  derivative  of  the  difference  (z)  of  S-curves
[S(t) −  S(t−)]  displaced  by  duration  of  altered  UH  (-h)  leads
us  to  the  expressions  for  peak  (Qp)  and  time  to  peak  (tp)  of
altered  duration  UH.
t =  tp = 2 +
1
b
log  c (4)
Maximum  difference  zmax =  Qeq
(
1  + 1
c
)  [
eb/2 −  1
eb/2 +  1
]
(5)
Qp = zmax
/D
(6)
Nondimensional UH
Following  Mockus  (1957),  Bhunya  et  al.  (2003)  developed
two-parameter  gamma  distribution  (2-PGD)  based  nondi-
mensional  UH  employing  dimensionless  shape  factor  ˇ
dependent  on  Qp and  tp (scale  parameter)  has  its  ordi-
nate  values  expressed  as  a  dimensionless  ratio  Q/Qp and  its
abscissa  values  as  t/tp.
Q/Qp =  exp[(5.53ˇ1.75 +  0.04)f(t/tp)]
for  (0.01  <  ˇ  =  qptp <  0.35)  (7a)
Q/Qp =  exp[6.29(ˇ1.998 +  0.157)f(t/tp)]
for  (ˇ  =  qptp ≥  0.35)  (7b)
where
f(t/tp)  =  [1  −  (t/tp)  +  ln(t/tp)]  (8)
F
a687
onventional S-curve approach based altered
H derivation
he  parent  S-curve  is  derived  by  adding  a  series  of  unit  dura-
ion  parent  UHs  lagged  by  unit  duration  successively.  A  new
H  of  the  desired  duration  can  be  derived  by  displacing  the
arent  S-curve  by  the  same  time  step,  taking  the  difference
f  both  the  S-curves,  and  dividing  the  difference  by  the  ratio
f  ‘altered  UH  duration  to  parent  UH  duration  (/D)’  at  each
ime  step.
ondimensional UH approach based altered
H derivation
or  known  Qeq,  ﬁt  the  parent  S-curve  using  Eq.  (2)  to  ﬁnd
 and  c of  Eq.  (2).  With  same  Qeq,  estimated  b  and  c,
nd  desired  altered  duration  (-h),  derive  tp and  Qp of  the
ltered  duration  UH  using  Eqs.  (4)  and  (6),  respectively.
p (m3/s)  yields  qp (h−1).  Assume  dimensionless  ratio  t/tp
ith  equally  spaced  ordinates  to  obtain  f(t/tp) from  Eq.  (8).
erive  the  ordinates  of  dimensionless  ratio  Q/Qp from  Eq.
7a)/(7b)  considering  range  of  ˇ  (=qp ×  tp)  with  f(t/tp).  Plot
he  nondimensional  UH  by  multiplying  the  value  of  Qp with
/Qp and  tp with  t/tp.
nalysis and discussion of results
 4-h  parent  UH  (Raghunath,  1995)  was  used  to  test  the  pro-
osed  approach.  The  analytical  and  conventional  S-curves
re  evaluated  using  popular  Nash  and  Sutcliffe  (1970)  efﬁ-
iency  (NS).  Here,  parameters  b  and  c  of  analytical  S-curve
Eq.  (2))  have  been  calibrated  using  SOLVER  routine  of  EXCEL
ith  objective  function  of  maximizing  NS to  obtain  precise
t  of  S-curves.
onventional  S-curve  approach
o  alter  4-h  parent  UH  into  2-h  and  6-h  UHs,  ‘4-h  par-
nt/conventional  S-curve’  with  Qeq =  436  m3/s  is  derived  by
umming  up  a  series  of  4-h  parent  UHs  lagged  by  parent  dura-Time (hr)
igure  1  4-h  S-curve’s  by  conventional  and  analytical  IS
pproach  with  respect  to  given  4-h  parent  UH.
688  P.R.  Patil  et  al.
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Raghunath, H.M., 1995. Hydrology: Principles, Analysis, Design. New
Age Int. Pub., New Delhi, India.Figure  2  2-h  and  6-h  UHs  derived  using
nd  6/4,  respectively  (Fig.  2).  Both  the  altered  UHs  reﬂects
dentical  volume  [
∑
Qi ×  (t/D)  =  436  m3/s].
ondimensional  UH  approach
or  known  Qeq =  436  m3/s,  optimized  b  =  0.45  and  c  =  16.87,
q.  (2)  develops  the  ‘Analytical  IS  4-h  S-curve’  reﬂecting
ame  Qeq at  t =  24  h.  It  closely  resembles  the  4-h  parent  S-
urve  with  NS =  99.88%,  but  does  not  exhibit  hunting  effect
s  in  it  (Fig.  1).  For  2-h  UH  derivation  (i.e.    =  2-h),  the  zmax
=101  m3/s)  is  derived  using  Eq.  (5)  for  the  same  Qeq,  b,  and
.  QP (=202  m3/s)  is  estimated  using  Eq.  (6)  for  /D  =  2/4
hich  is  further  converted  to  qp (=0.12  h−1)  using  catch-
ent  area  (A  = 628  km2),  for  ˇ  estimation.  From  Eq.  (4),  tp is
stimated  as  7.35  h.  ˇ  (=qptp=0.85).  Function  f(t/tp)  is  esti-
ated  using  Eq.  (8)  for  the  assumed  dimensionless  ratio  t/tp.
hus,  with  derived  ˇ  and  f(t/tp),  ordinates  of  dimension-
ess  ratio  Q/Qp were  estimated  from  Eq.  (7a)/(7b).  Finally,
ondimensional  2-h  UH  is  developed  by  multiplying  the  value
f  Qp with  Q/Qp and  tp with  t/tp.  For  6-h  UH  derivation
i.e.    =  6-h),  a  similar  approach  is  followed  considering  the
ame  values  of  Qeq,  b,  c,  and  D.  The  derived  zmax =  270  m3/s,
P =  180  m3/s,  qp =  0.10  h−1,  tp =  9.35  h,  and  ˇ  =  0.96.  Oscil-
ations  in  the  conventional  2-h  and  6-h  UHs  are  eliminated
ompletely  by  respective  nondimensional  UHs  (Fig.  2),  sat-
sfying  volumetric  equality  with
∑
Qi ×  (t/D)  =  401  and
08  m3/s,  respectively.
onclusions
.  Proposed  easily  executable  analytical  IS  and  nondimen-
sional  approach  leads  us  to  forget  tedious  manual/visual
adjustments  over  conventional  S-curve  and  altered  dura-
tion  UH  respectively..  Analytical  IS  model  emerged  as  an  analytical  expedience
to  ﬁt  smooth  S-curve  because  of  its  shape  similarity,  obvi-
ates  the  need  of  synthetic  relationships  for  estimation  of
Qp and  tp.
Sventional  and  nondimensional  approach.
.  Suggested  approach  outperforms  the  conventional
S-curve  based  altered  UH  derivation  avoiding  hunting
effect  of  S-curve  and  tail  end  oscillations  of  UH,  auto-
matically  taking  care  of  the  volume  and  non-negativity
constraints,  and  reducing  the  overall  computational
complexity.
.  The  practical  applicability  of  the  proposed  approach  is
assured  by  its  convenience,  sound  theoretical  basis,  and
time  saving  ability  as  all  the  computations  can  be  easily
accomplished  using  spreadsheet.
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